Int J Theor Phys (2008) 47: 333-337
DOI 10.1007/s10773-007-9454-7

Deformations in Mathematics and Physics

Alice Fialowski

Received: 28 May 2007 / Accepted: 8 June 2007 / Published online: 18 July 2007
© Springer Science+Business Media, LLC 2007

Abstract This text is my introductory talk given at the Workshop “Deformations and Con-
tractions in Mathematics and Physics” in Oberwolfach in January 2006.

1 Introduction

Deforming a given mathematical structure is a tool of fundamental importance in most
parts of mathematics, mathematical physics and physics. Contractions have been developed
mainly by physicists. The aim of this workshop is to bring together experts in these comple-
mentary topics. Deformations and contractions have been investigated by researchers who
had different approaches and goals. Tools such as cohomology, gradings etc. which are uti-
lized in the study of one concept, are likely to be useful for the other concept as well. At this
meeting there are mathematicians, mathematical physicists and physicists as well. It seemed
to us that such a meeting would benefit all.

1.1 The notion of deformation

The theory of deformations originated with the problem of classifying all possible pairwise
non-isomorphic complex structures on a given differentiable real manifold. The fundamen-
tal idea, which should be credited to Riemann, was to introduce an analytic structure therein.
The notion of local and infinitesimal deformations of a complex analytic manifold first ap-
peared in the work of Kodaira and Spencer [1, 2]. In particular, they proved that infinitesimal
deformations can be parametrized by the corresponding cohomology group. The deforma-
tion theory of compact complex manifolds was devised by Kuranishi [3] and Palamodov [4].
Shortly after the work of Kodaira and Spencer, algebro-geometric foundations were system-
atically developed by Artin [5] and Schlessinger [6]. Formal deformations of arbitrary rings
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and associative algebras, and the related cohomology questions, were first investigated by
Gerstenhaber, in a series of articles [7-10]. The notion of deformation was applied to Lie
algebras by Nijenhuis and Richardson [11, 12].

Because various fields in mathematics and physics exist in which deformations are used,
we focused on the topic of the conference. We mainly consider here deformations of algebras
(in particular, of Lie algebras), groups, and related algebraic structures and their applications
to problems in physics. Beside the central topic, to open up fertile interaction, we invited
also researchers from neighboring disciplines. One such topic with tight interaction is de-
formation quantization. But there will also be others, like quantum groups, deformation of
Hopf algebras, Leibniz and dialgebras, infinity algebras, g-deformed physics, fuzzy spaces,
quantum systems as deformations of classical systems, etc.

Deformation is one of the tools used to study a specific object, by deforming it into some
families of “similar” structure objects. This way we get a richer picture about the original
object itself. But there is also another question approached via deformation. Roughly speak-
ing, it is the question, can we equip the set of mathematical structures under consideration
(may be up to certain equivalence) with the structure of a topological or geometric space.
In other words, does there exist a moduli space for these structures. If so, then for a fixed
object deformations of this object should reflect the local structure of the moduli space at
the point corresponding to this object.

Let me give an example: The classification of complex analytic structures or a fixed
topological manifold is completely understood. Also in algebraic geometry one has well-
developed results in this direction. One of these results is that the local situation at a
point [C] of the moduli space is completely governed by the cohomological properties of
the geometric object C. As typical example recall that for the moduli space M, of smooth
projective curves of genus g over C (or, equivalently, compact Riemann surfaces of genus g)
the tangent space Tic)M, can be naturally identified with H 1(C, Tc), where T¢ is the sheaf
of holomorphic vector fields over C. This extends to higher dimension. In particular, it turns
out that for compact complex manifolds M, the condition H!(M, Ty;) = 0 implies that M
is rigid [13]. Rigidity means that any differentiable family 7 : M — B C R, 0 € B which
contains M as the special member, My := 7' (0) is trivial in a neighborhood of 0, i.e. for
t small enough, M, := w~'(t) = M. Even more generally, for M a compact complex man-
ifold and H'(M, Ty) # O there exists a versal family which can be realized locally as a
family over a certain subspace of H'(M, Ty) such that every appearing deformation family
is “contained” in this versal family [14].

2 Definitions

For simplicity, consider the Lie algebra case. Let £ be a Lie algebra with Lie bracket g
over a field K.

(a) Intuitive definition. A deformation of £ is a one-parameter family £, of Lie algebras
with the bracket

[ = o + 11+ 17¢r + -

where ¢; are £-valued 2-cochains, i.e. elements of Homg (AL, £) = C2(L; £), and £, is
a Lie algebra for each ¢ € K. Two deformations, £, and £ are equivalent if there exists a
linear automorphism 1’/7, =id 4+ Yt + Yt? + - - - of £ where ; are linear maps over K, i.e.
elements of C' (£, £) such that

(s y) = 97 (e (B (x), 9 () forx, y € L.

@ Springer



Int J Theor Phys (2008) 47: 333-337 335

The Jacobi identity for the algebras £, implies that the 2-cochain ¢, is indeed a cocycle, i.e.
drp1 = 0. If ¢, vanishes identically, the first nonvanishing ¢; will be a cocycle. If u; is an
equivalent deformation with cochains ¢;, then

@) — o1 =diy,

hence every equivalence class of deformations defines uniquely an element of H?(L, £)
(see [7-10]).

(b) General definition. Consider now a deformation £, not as a family of Lie algebras,
but as a Lie algebra over the algebra K[[¢]]. The natural generalization is to allow more
parameters, or to take in general a commutative algebra over K with identity as base of a
deformation. Let us fix an augmentation ¢ : A — K, £(1) = 1, and set Ker& = m, which is a
maximal ideal.

Definition A deformation A of £ with base (A, m) is a Lie A-algebra structure on the tensor
product A ®x L with bracket [ , ], such that

eRIA:AQRL->KRL=L

is a Lie algebra homomorphism.

Two deformations of a Lie algebra £ with the same base A are called equivalent (or
isomorphic) if there exists a Lie algebra isomorphism between the two copies of A ® £ with
the two Lie algebra structures, compatible with ¢ ® id.

A deformation with base A is called local if the algebra A is local, and it is called infin-
itesimal if, in addition to this, m? = 0. For general commutative algebra base, we call the
deformation global.

(c) Formal deformations. Let A be a complete local algebra (completeness means that
A = 1lim,_, . (A/m"), where m is the maximal ideal in A). A formal deformation of
£ with base A is a Lie A-algebra structure on the completed tensor product AQL =
iMoo ((A/m™) @ L) sit.

e®Rid: ARL > KQL=L

is a Lie algebra homomorphism.

The previous notion of equivalence can be extended to formal deformations in an obvious
way.

(d) Formal versal deformations. It is known that in the category of algebraic varieties
the quotient by a group action does not always exist [15]. Specifically, there is no universal
deformation in general of a Lie algebra £ with a commutative algebra base A with the prop-
erty that for any other deformation of £ with base B there exists a unique homomorphism
f : B— A that induces an equivalent deformation. If such a homomorphism exists (but not
unique), we call the deformation of £ with base A versal.

The classical one-parameter deformation theory did not study the versal property of de-
formations. A more general deformation theory of Lie algebras follows from Schlessinger’s
work [6]. Namely, for complete local algebra base deformations, under some minor restric-
tion, there exists a so-called miniversal deformation:

A formal deformation n of a Lie algebra £ with a complete local algebra base B is called
miniversal, if

(i) for any formal deformation A of £ with any complete local base A there exists a homo-
morphism f : B — A s.t. the deformation A is equivalent to the push-out of by f;
(i) if A satisfies m*> = 0, then f is unique (see Refs. [16-18]).
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Theorem Let H*(L, L) be finite-dimensional. Then there exists a versal formal deforma-
tion of L, and the base of this versal deformation is formally embedded into H*(L, L), i.e.
it can be described in H*(L, L) by a finite system of formal equations.

Another question is how to construct such a deformation. Fuchs and I gave a construction
which can be carried out with a computer (see Ref. [19]).

The situation is much more complicated for global deformations, where we loose the
cohomology as a tool for obtaining deformations and so far there is no way to get a versal
object.

(e) Rigidity. A Lie algebra L is called rigid if every deformation is equivalent to a trivial
deformation. There are various notions of rigidity: infinitesimal, formal, geometric, analytic,
global, etc.

Proposition L is infinitesimally rigid if and only if H*(L, £) =0 .
Theorem If L is finite-dimensional and H?>(L, L) = 0 then L is rigid in every sense.
Theorem Let £ be an arbitrary Lie algebra. If H*(L, £) =0, then L is formally rigid.

Remark The above formal rigidity assertion is not true for global deformations. As an exam-
ple, let us mention the Virasoro algebra, for which the space H 2(L£,L£) =0, soitis formally
rigid, but it has lot’s of nice nontrivial global deformations, like the Krichever—Novikov type
algebras.

3 Applications

(a) Global deformations of Witt, Virasoro and affine Kac—-Moody algebras are important in
the theory of 2-dimensional conformal fields and their quantization. In the case of higher
genus Riemann surfaces Krichever and Novikov proposed the use of global operator fields
which are given with the help of the Lie algebra of vector fields of Krichever—Novikov type,
certain related algebras, and their representations. Deformations of affine Lie algebras are
used in the global operator approach to the Wess—Zumino—Witten—Novikov models appear-
ing in the quantization of conformal field theory (see Refs. [20, 21]).

(b) Deformation quantization. In 1978 Bayen, Flato, Fronsdal, Lichnerowicz and Stern-
heimer opened up a systematic approach to quantization via the deformation theory of al-
gebras. A deformation quantization (or a star product) is an associative deformation of the
algebra of classical observables in the direction of the Poisson bracket. Nowadays we have
complete existence and classification results on the formal level. In 1997 Kontsevich proved
the “formality conjecture” which implies that any finite-dimensional Poisson manifold can
be quantized (in the sense of deformation quantization). There are a lot of open questions
around deformation quantization like the treatment of infinite dimensional spaces, the ques-
tion of existence of a dense subalgebra of functions such that the star product of these ele-
ments is convergent, invariant star product, its relation to physics or noncommutative spaces,
specific examples in physics, etc.

(c) Recently, much attention has been paid to deformations of homotopy algebras,
operands, Leibniz algebras, dialgebras, flag varieties, symplectic algebroids, etc., and to
more general derived deformation theory.

@ Springer



Int J Theor Phys (2008) 47: 333-337 337

References

20.

21.

Kodaira, K., Spencer, D.C.: On deformations of complex analytic structures, I. Ann. Math. 67 (1958)
Kodaira, K., Spencer, D.C.: On deformations of complex analytic structures, II. Ann. Math. 326466
(1958)

Kuranishi, M.: On deformations of compact complex structures. In: Proc. Intern. Congr. Math., Stock-
holm, 1962, pp. 357-359 (1963)

Palamodov, V.: Deformations of complex spaces. Russ. Math. Surv. 31, 129-197 (1976)

Artin, M.: Algebraization of formal moduli, I. In: Global Analysis, pp. 21-71. Princeton University
Press, Princeton (1969)

Schlessinger, M.: Functors of Artin rings. Trans. Am. Math. Soc. 130, 208-222 (1968)

Gerstenhaber, M.: On deformation of rings and algebras, I. Ann. Math. 79, 59-103 (1964)
Gerstenhaber, M.: On deformation of rings and algebras, II. Ann. Math. 84, 1-19 (1966)

Gerstenhaber, M.: On deformation of rings and algebras, III. Ann. Math. 88, 1-34 (1968)

Gerstenhaber, M.: On deformation of rings and algebras, IV. Ann. Math. 97, 257-276 (1974)

. Nijenhuis, A., Richardson, R.: Deformations of Lie algebra structures. J. Math. Mech. 17, 89-105 (1967)

Nijenhuis, A., Richardson, R.: Deformations of homomorphisms of Lie algebras. Bull. Am. Math. Soc.
175-179 (1967)

Kodaira, K.: Complex Manifolds and Deformation of Complex Structures. Springer, Berlin (1986)
Palamodov, V.: Deformations of complex structures. In: Several complex variables, IV. Encyclopaedia
of Math. Sciences, vol. 10, pp. 105-194. Springer, Berlin (1990)

Hartshorne, R.: Algebraic Geometry. Springer, Berlin (1977)

Fialowski, A.: Deformations of Lie algebras. Math. USSR Sb. 55(2), 467-473 (1986)

Fialowski, A.: An example of formal deformations of Lie algebras. In: NATO Conf. on Deformation
Theory of Algebras and Appl., Il Ciocco, pp. 375-401. Kluwer, Dordrecht (1988)

Fialowski, A.: Deformations of some infinite dimensional Lie algebras. J. Math. Phys. 31, 1340-1343
(1990)

Fialowski, A., Fuchs, D.: Construction of miniversal deformations of Lie algebras. J. Funct. Anal. 161,
76-110 (1999)

Fialowski, A., Schlichenmaier, M.: Krichever—Novikov algebras as global deformations of the Virasoro
algebra. Commun. Contemp. Math. 5, 921-945 (2003)

Fialowski, A., Schlichenmaier, M.: Global geometric deformations of current algebras as Krichever—
Novikov type algebras. Commun. Math. Phys. 260, 579-612 (2005)

@ Springer



	Deformations in Mathematics and Physics
	Abstract
	Introduction
	The notion of deformation

	Definitions
	Applications
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


